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GRADED TWISTING OF CATEGORIES AND QUANTUM GROUPS BY 

GROUP ACTIONS 


JULIEN BICHON, SERGEY NESHVEYEV, AND MAKOTO YAMASHITA 

Abstract. Given a Hopf algebra A graded by a discrete group together with an action of the 
same gronp preserving the grading, we define a new Hopf algebra, which we call the graded 
twisting of A. If the action is by adjoint maps, this new Hopf algebra is a twist of A by 
a pseudo-2-cocycle. Analogous construction can be carried out for monoidal categories. As 
examples we consider graded twistings of the Hopf algebras of nondegenerate bilinear forms, 
their free products, hyperoctahedral quantum groups and g-deformations of compact semisimple 
Lie groups. As applications, we show that the analogues of the Kazhdan-Wenzl categories in 
the general semisimple case cannot be always realized as representation categories of compact 
quantum groups, and for genuine compact groups, we analyze quantum subgroups of the new 
twisted compact quantum groups, providing a full description when the twisting group is cyclic 
of prime order. 


Introduction 

Various forms of twisting constructions have appeared in the theory of quantum groups since 
the famous proof of the Kohno-Drinfeld theorem by Drinfeld [Dri89] , where he studied twistings 
of quasi-Hopf algebras and showed that the quantized universal enveloping algebras are twists of 
the usual universal enveloping algebras equipped with the associators defined by the Knizhnik- 
Zamolodchikov equation. On the dual side of quantized function algebras, the corresponding 
procedure for 2-cocycle twisting appeared in a work of Doi [Doi93| . which clarified the relation 
between the multiparametric deformations of GL(n) by Takeuchi |Tak9n| and Artin-Schelter- 
Tate [AST91| for different parameters. 

In the present paper we study twistings of Hopf algebras by a particular class of pseudo-2- 
cocycles (meaning that the new coproduct is still strictly associative) and related generaliza¬ 
tions. One feature of twisting by pseudo-2-cocycles is that the corresponding tensor category 
of corepresentations is perturbed in a very controlled way, whereas the 2-cocycle twisting does 
not change the category at all. Specifically, the new Hopf algebra has the same combinato¬ 
rial structure of corepresentations in terms of fusion rules, quantum dimensions, and classical 
dimensions, so that the perturbation is very mild. 

The motivation for this paper stems from the previous work of the second and third au¬ 
thors |NY15j which gave quantum group realizations of the Kazhdan-Wenzl categories |KW93j , 
which are the representation categories of SLg (re) with nontrivial associators given by 3-cocycles 
on the chain group of the category. It turns out that a similar construction can be carried out 
starting from a T-grading on a Hopf algebra A and an action by the same discrete group T pre¬ 
serving the grading. If, moreover, the automorphisms defining the action are adjoint, then the 
failure of lifting the action to a homomorphism from T into the group (A) of characters of A 
(with convolution product) gives rise to a pseudo-2-cocycle and therefore to a new associator on 
the monoidal category of corepresentations of A. By allowing non-adjoint actions, we further 
expand the scope of our twisting procedure, resulting in categories which have different fusion 
rules than the original ones. The procedure can also be formulated at the level of monoidal 
categories. 
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In more detail, our twisting consists of two quite elementary steps. The first step is to take 
the crossed products {smash products), which give Hopf algebras from group actions on Hopf 
algebras. In the framework of monoidal categories an analogous construction was given by 
Tambara [TarnPlj . The second step is to take the diagonal subalgebra or diagonal subcategory 
inside the crossed product (see Section [2] for precise formulations) using the grading. The 
compatibility between the grading and the action ensures that we obtain a Hopf algebra or a 
monoidal category as a result. 

We provide applications of our framework to two general problems in quantum group theory. 

(i) The first is the quantum group realization problem for the Kazhdan-Wenzl type cate¬ 
gories, mentioned above. The precise formulation is as follows: given a compact quan¬ 
tum group G and a 3-cocycle c on the chain group of its representation category, is the 
twisted category (Rep G)'^ (with associator given by c) still the representation category 
of a compact quantum group, or in other words, does it admit a unitary fiber functor? 
Using [NY14b] . we give a necessary and sufficient condition in order that (RepG)'^ 
admits a dimension preserving fiber functor when G is coamenable (Corollary 13.lip . 
We then show that the analogues of the Kazhdan-Wenzl categories in the semisimple 
case cannot be always realized as representation categories of compact quantum groups 
(Corollary [3T3D. 

In case G is the g-deformation of a compact semisimple Lie group, our procedure 
for finding pseudo-2-cocycles boils down to a construction of cochains on the dual of 
the maximal torus with coboundary living on the dual of the center, which has been 
discussed in [NY151INY14] . While this might look like a very special construction, we 
prove, that ioi q > 0, q ^ 1, up to coboundaries there are no other unitary pseudo- 
2-cocycles with the corresponding associator given by a 3-cocycle on the chain group 
(Theorem I3.12p . 

(ii) The second problem is the determination of the quantum subgroups of the twisted 
quantum groups. We provide a full answer if our compact quantum group is obtained 
as the graded twisting of a genuine compact group by a cyclic group of prime order 
(Theorem 14.3p . This is a wide generalization of the description of the quantum sub¬ 
groups of SU_i(2) by Podles |Pod95] . and complements the previous work of the first 
author and Yuncken |BY14j on a similar problem for 2-cocycle twistings. Similarly 
to [BY14] . our analysis is based on a careful study of irreducible representations of the 
twisted algebra of regular functions. 


The paper is organized as follows. Section [T] contains some background material on graded 
categories and Hopf algebras, group actions and crossed products. 

In Section [2] we give a detailed presentation of our twisting procedure, first for monoidal 
categories and then for Hopf algebras. We then consider several examples arising from Hopf 
algebras of nondegenerate bilinear forms and their free products. 

In Section [3] we specialize to the case of Hopf algebras of regular functions on compact 
quantum groups and consider more examples coming from free orthogonal and unitary quantum 
groups, half-liberations of orthogonal and unitary groups, hyperoctahedral quantum groups, and 
(/-deformations of compact semisimple Lie groups. We then discuss the realization problem for 
the Kazhdan-Wenzl type categories. 

In Section H] we further specialize to Hopf algebras of regular functions on genuine compact 
groups and study the problem of describing quantum subgroups of the corresponding twisted 
compact quantum groups. 


Acknowledgement. The authors would like to thank the reviewer for careful reading of the 
manuscript, which led to elimination of several inaccuracies and to improvement of the presen¬ 
tation. 
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1. Preliminaries 


Throughout the whole paper we denote by itT a commutative field, and by P a discrete group. 
We consider only vector spaces, algebras, etc., over K. When we talk about ^-structures, we 
assume that K = C. 

1.1. Graded categories. A P-graded category C is a AT-linear category with full subcate¬ 
gories Cg iov g € T, such that any object X in C admits a unique (up to isomorphism) de¬ 
composition X ~ with Xg € Cg such that Xg = 0 for all but a finite number of g'’s, 

and there are no nonzero morphisms between objects in Cg and Ch for g ^ h. Let us say that 
the grading is full if the subcategories Cg are strictly full, i.e., closed under taking isomorphic 
objects. Clearly, any grading uniquely extends to a full grading, and we do not lose generality 
by imposing this condition. 

We say that C is a P-graded monoidal category if in addition it is a monoidal iL-linear category, 
such that 1 G Ce and the monoidal structure satisfies W (8) P G Cgh for all homogeneous objects 
X & Cg and Y G Ch¬ 
in the semisimple case there is a universal grading. Namely, assume that C is an essentially 
small semisimple monoidal iL-linear category with simple unit. Then the chain group Ch(C) 
of C is the group generated by the formal symbols [A] for the simple objects X of C, subject 
to the relation [A][y] = [Z] whenever Z appears as a subobject of A (8) P. Note that if A is 
simple and there exists a right dual A^ of A, then the class [A^] defines the inverse of [A] in 
Ch(C). Of course the left duals have the same property. 

The chain group defines a Ch(C)-grading on C in the obvious way: Cg consists of direct sums 
of simple objects A such that [A] = g. The following is immediate by definition. 

Lemma 1.1. If C is an essentially small semisimple monoidal K-linear category with simple 
unit, then to he given a full T-grading on C is equivalent to he given a group homomorphism 

Ch(C) ^ r. 

The chain group can also be described as follows. For a tensor functor F: C ^ C denote 
by Aut®(T) the group of natural monoidal automorphisms of F. The following result is more 
or less known. For the representation category of a compact group G, it reduces to Miiger’s 
result |Mug04| which states that Ch(Rep G) is the Pontryagin dual of the center of G, while for 
the fusion categories it is proved in [GNOSj . 

Proposition 1.2. Assume thatC is an essentially small semisimple monoidal K-linear category 
with simple unit, such that Endc(P) = K for any simple object U. Then there is a natural group 
isomorphism 

Hom(Ch(C), A'') ~ Aut®(Idc), 

where the group structure o/Hom(Ch(C), A^) is given by pointwise multiplication. 

Proof. Let be a group homomorphism from Ch(C) to A^. We can define a natural transfor¬ 
mation : A —>■ A by setting = (f>([X])tx for simple A and extending it to general objects 
of C by direct sum decomposition into simple objects. The group homomorphism property of 
(f) implies that belongs to Aut®(Idc). It is straightforward to see that i-A- is a group 
homomorphism. 

Reversing the above correspondence, starting from ^ G Aut®(Idc), we can define a map 
(f )^: Ch(C) by the characterization 0^([A])ix = Cx- As = f,x Z) Cy, any subobject 

P of A 0 P satisfies Thus, (j)^ is a group homomorphism. It is clear 

from the construction that f and (f ff’ are inverse to each other. □ 

Next, let us translate the above to the algebraic framework of representation category of 
counital coalgebras. Denote by AF the group algebra of F over A. For a coalgebra A denote by 
Corep(A) the category of finite dimensional left comodules over A. Recall that a homomorphism 
of coalgebras /: A —> A is said to be cocentral if 

/(a(i)) (8) 0(2) = /(a(2)) (8) 0(1) 
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holds for any a (z A. This condition is equivalent to saying that the image of the transpose map 
A* lies in the center of the algebra A* of linear functionals on A, endowed with the 
convolution product. 

Lemma 1.3. For any coalgebra A there is a one-to-one correspondenee between 

(i) full T- gradings on Corep(^); 

(ii) T -gradings on A such that A(74g) d Ag® Ag for all g € T; 

(hi) cocentral coalgebra homomorphisms A —)• KT. 

Similarly, if A is a Hopf algebra, then there is a one-to-one correspondence between 
(i') full T- gradings on the monoidal category Corep(A); 

(ih) T -gradings on A such that A(j4g) d Ag® Ag and AgA^ d Ag^ for all g,h ^ T; 

(iih) cocentral Hopf algebra homomorphisms A —)• KT. 

Proof. This is a routine verification, but let us present a brief argument for the reader’s conve¬ 
nience. 

Assume (i), so that we are given a full T-grading on C = Corep (A). It is well-known that 
every element a G A generates a finite dimensional left subcomodule, namely, the linear span of 
a <\ (p = (^(a(i))a( 2 ) for 4> £ A*. It follows that if we denote by Ag the subspace of A consisting 
of elements that generate subcomodules belonging to Cg, then A = ©ggpAg. Moreover, for any 
(p £ A* , the map a i-)- 0 O a = 0(0(2))o(i) is a homomorphism of left A-comodules. Since any 
A-comodule homomorphism of Ag to A/j is zero for g ^ h, we must have A{Ag) d Ag® Ag, and 
we obtain (ii). 

Next, given a T-grading on A as in (ii), we define f: A ^ KT by /(a) = s{a)g for a £ Ag. 
Then / is cocentral. Note that the grading on A is recovered from f by Ag = {a £ A \ 
0 ( 1 ) ©/(o( 2 )) = a®g}. 

Finally, given a cocentral coalgebra homomorphism / : A —> KT, any comodule over A can 
be considered as a comodule over KT, that is, as a T-graded vector space. The cocentrality 
assumption implies that this T-grading respects the A-comodule structure. Hence we obtain a 
T-grading on Corep(A). 

The equivalence of (i')”(iii') can be argued in the same way. For example, from (ii'), when 
a £ Ag and b £ Ay,, one obtains f{a)f{b) = e{a)e{b)gh = s{ab)gh = f{ab), hence / is a bialgebra 
homomorphism, thus it is a Hopf algebra homomorphism. □ 

Let us note that if any (or all) of the above conditions (i')-(iii') holds, the antipode S' of A 
satisfies S'(Ag) = Ag-i for each g, since it is the unique linear map satisfying S'(o(i))a( 2 ) = 
e(a)l = a(i)5(a(2)) and we know that 1 £ Ag. Moreover, Lemma [LT] states the following in this 
setup. If C = Corep (A) for a cosemisimple Hopf algebra A, we have a surjective cocentral Hopf 
algebra homomorphism A —)■ AT Ch(Corep(A)), and any cocentral Hopf algebra homomorphism 
A —> KT factors through it. 

1.2. Group actions on monoidal categories. Given a group T, consider the monoidal cat¬ 
egory T with objects the elements of T, no nontrivial morphisms, and with the tensor structure 
given by the product in T. Assume that C is a monoidal A'-linear category, and denote by 
Aut '^(C) the monoidal category of monoidal autoequivalences of C, with the tensor structure 
given by the composition of monoidal functors. Then a (weak) action of T on C is a tensor 
functor T —)■ Aut '^(T). see, e.g., [TarnPlj . 

Spelling out the meaning of this definition, an action of T on C is defined by monoidal 
autoequivalences of C and natural monoidal isomorphisms from to such that 

^9Afc„9(^/i,fc) = ^gh,k^g,h^ 

This can be explicitly written as the equality of morphisms 
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Note also that the monoidality of means commutativity of the following diagrams; 


a9a'^{X ( 8 ) Y) 


Q.h 

'^X®Y 


a9>^{X®Y) 


a9{a^{X)®a^{Y)) 


^gh 


a3^{X) ® a3^{Y), 


a3a^[X)®a3a^{Y) 




where denotes the monoidal structure of . 

We will denote an action by a pair {a,rj) as above. Replacing the functor T —)■ Aut ’^fC) by 
a naturally monoidally isomorphic one, we may, and will, assume that a® = Idc and r]^’^ and 
are the identity isomorphisms. An action is called strict if we have equality of monoidal 
autoequivalences as well as the equalities = l for all g and h. An example of a 

strict action can be obtained by taking C = Corep(A) for a Hopf algebra A and an action of T 
on A by Hopf algebra automorphisms. 

By Tambara’s result [TamOl] . if F acts on C, we can construct a new monoidal category 
C over K, analogous to the crossed product construction of Hopf algebras. The underlying 

linear category is the same as the Deligne product CMCy, where Cr is the monoidal category 
over K whose simple classes are given by the elements of T. In other words, Cr = Corep(Wr) is 
the category of finite dimensional T-graded vector spaces. The monoidal structure of C Kl Cr is 
given by (AKI( 7 )( 8 )(yiEI/i) = {X{Y))Mgh at the level of objects, and by {T^Lg)®{S^Lh) = 
(T ( 8 > a^(S')) Kl igh for T € C(A, IT) and S € C(T, Z). The tensor unit is given by 1 Kl e, while 
the new associativity morphisms are given by 

{i (8> a 2 )(t Kl ighk '■ {X M g ®Y M h) ® Z M k ^ X M g ® {Y M h ® Z M k), (1.2) 

where denotes the associativity morphisms in C. 

In what follows we will be particularly interested in actions (a, g) such that is naturally 
monoidally isomorphic to the identity functor on C for all (7 E T. In this case choose such 
isomorphisms —)■ Idc, with = l, and define natural monoidal automorphisms 

ofIdc by 

g9A^9h^9,h ^ 3 ) 

Lemma 1.4. The natural isomorphisms satisfy the cocycle identity 

Q.h qh.k h.k q.hk 

l^x Tx = Mi hx ■ 

Proof. This follows immediately by multiplying (jl.ip on the left by and using the definition 
of g. □ 

If C is essentially small, so that Aut®(Idc) is a group, then this can be formulated by saying 
that g = {g^'^)g^h is an Aut®(Idc)-valued 2 -cocycle on T, where Aut®(Idc) is considered as a 
trivial T-module. 

Our main example of this situation is as follows. Consider a Hopf algebra A. We let H^{A) 
denote the group of algebra homomorphisms A ^ K, with convolution product {g * r'){a) = 
7 r(a(i))z^(a( 2 )). Similarly, Hj{A) denotes the subgroup of H^{A) formed by strongly central (or 
lazy) elements, i.e., those ui E H^{A) such that ui * l = l * ui. If A is finite dimensional, so that 
A* is again a Hopf algebra, then H^{A) is the group of group-like elements in A* and Hj{A) is 
the subgroup of group-like elements that are central in A*. 

Suppose that we are given a group homomorphism T H^{A)/Hj{A). Lifting it to a map 
r —> H^{A) we get a pair {(p,g), where 4> is a map T —> H^{A), g i-)> cfg, and g is a 2-cocycle 
on r with values in the trivial T-module H^{A), such that 

4>e = e, (t> 9 *(t>h = (t>gh * g{g, h) = g{g, h) * cfgh. 
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Note that for <7 € T, we have (t>g^ = (t>g-^ * and n{g,g = fj-{g ^,g)- Dehne an 

action of T on A by the Hopf algebra automorphisms 

0!g{a) = <f>g [> a <1 <f>g — 4*g (a(i))®(2)'/’g(®(3)) ~5 )('S'(a(i)))<?^g-i (o(2))a(3)*?^g(a(4))) 

which depends only on the initial homomorphism T H^{A )/We call such actions 
almost adjoint. 

We then get a strict action of F on C = Corep (A), which we continue to denote by a: given 
a corepresentation 5: V —)> A ( 8 > 1/, we let a^iy.,5) = (IF, {ag 0 i)5). The autoequivalences a® 
are isomorphic to Idc- Namely, for every X = (IF, (5) G C consider the representation vrx of the 
algebra A* on IF defined by 7rx(w) = (w ® i)d. Then the morphisms ("x = '^xi4‘g) ■ Oi^(X) —>■ X 
define a natural monoidal isomorphism —)> Idc- The corresponding cocycle {g-^’^)g,h 

defined by m is given by 

= '^x{K9,h)). ( 1 . 4 ) 


2. Graded twisting 

2.1. Categorical formulation. Let (a,??) be an action of F on a F-graded monoidal iF-linear 
category C. We say that (a, g) is an invariant action if each a® preserves the homogeneous 
sub categories Ch for all /i G F. 

Definition 2.1. Given an invariant action {a,g) of F on C, we denote by the full 

monoidal iF-linear subcategory of C F obtained by taking direct sums of the objects X ^g 

for (7 G F and X G Cg, and call the graded twisting of C by the action o/F. For strict 

actions we write C*’“. 

By construction, is equivalent to C as a F-graded iF-linear category. Identifying C and 

as iF-linear categories, we may express the twisted monoidal structure as an operation 
on C given by X ^a,g T = X G a^(Y) if X G Cg. However, in some cases instead of changing 
the monoidal structure we can change the associativity morphisms in C. Namely, we have the 
following result. 

Theorem 2.2. Assume an invariant action {a,g) of T on C is such that ~ Idc for all 
g €T. Choose natural monoidal isomorphisms ^ Idc ond define a cocycle g, = {g^'^)g^h 

by ()1.3I) . Then 

(i) there are new associativity morphisms on C such that 

= (/. 0 (i 0 : (X 0 y) 0 Z ^ X 0 (y 0 Z) 

for X € Cg and Y G Ch; 

(ii) there is a monoidal equivalence F: (C,4>^) defined by F{X M g) = X for 

X G Cg, with the tensor structure 

F 2 : F{X 5 ) 0 F(y Mh)^ F{X K 5 0 y K h) 

represented by {l 0 : X 0 y ^ X 0 ag(Y) for X £ Cg and Y G Ch. 

Proof. Part (i) follows easily from the cocycle property of g, but it will also follow from the 
proof of (ii) (cf. |Dri89] F For part (ii), in turn, it suffices to check that (F, F 2 ) transforms 
the associator on into <I>^. Recalling formula (|1.2D for the associator on C F, this 

amounts to verifying the equality 

(i G af)(i ® (t ® 0 0 (S)-! ^ ,) 

= {t0 Z) (i. 0 C^)~^)('' 0 (i 0 h'z^))^ (2-1) 

of morphisms (X 0 y) 0 Z —> X 0 a®(y 0 a^{Z)) for X £ Cg, Y £ Ch, Z £ Ck. 

6 




The assumption that is a natural isomorphism of monoidal functors implies that ^ = 
a^iC^ (g) Using also that we see that the right hand side of ( 12 . 11 ) 

equals 

(i ® al)(i ® (t ® ® (C^ 0 

But this equals the left hand side of m by naturality of <h. □ 

In the semisimple case the new associativity morphisms can be expressed in terms of usual 
3-cocycles as follows. 


Proposition 2.3. Let C be as in the previous theorem. Moreover, assume that C is essentially 
small, semisimple, with simple unit, such that Endc(U) = K for any simple object U. Let 
q: Ch(C) —>■ r denote the homomorphism corresponding to the T-grading on C. Then there is a 
well-defined eocyele c G Z‘^{Ch.{C)\K^) such that 


c{g,h,k)iz 


Lz 


for any g,h,k G Ch(C) and any simple object Z with \Z\ = k. 


Proof. By Proposition 11.21 for any s,t G P we can define a homomorphism Ch(C) —>■ by 

[Z\ 1 -^ . This shows that the map c: Ch(C)^ —>■ in the formulation is well-defined. The 

cocycle identity for c can be checked directly, but it also follows from the pentagon relation 
for <I>^, as 

<^>^ = c{g,h,k)^: {X ^Y)0Z ^ X (ZiY (ZZ) 

for [X] = g, [Y] = h and [Z] = k. □ 


Remark 2.4. The cocycle c in the previous proposition does not necessarily descend to T. 
Nevertheless, if T is abelian, then c at least descends to the abelianization of Ch(C), since 
the homomorphism Ch(C) —>■ , [Z] i—>■ , in the above proof factors through Ch(C)'^^. 

Remark 2.5. Assume {ct,ri) is an action of T on a T-graded monoidal AT-linear category C. Let 
us say that the action is equivariant if a^{Ch) = Cghg-^ holds for any g,h ^V. If a is strict, 
then C is called a crossed T-category over K [TurlOl Section VI]. For any equivariant action 
we have X ® (Y) G Cgg-i^g = C^g, which implies that X Kl g~^ (g) V Kl h~^ belongs to 

Chg Kl {hg)~^. Thus, the objects of the form X Kl g~^ for X £ Cg span a monoidal subcategory 
Qa,{a,'q) ^ which is equivalent to C as a T-graded iP-linear category. We note that if T is abelian, 
then the notions of invariant and equivariant actions are the same, but the monoidal categories 
and are not equivalent in general, see Section [2.31 


2.2. Hopf algebraic formulation. Let A be a Hopf algebra. Assume we are given a T-grading 
on A such that A{Ag) <Z Ag ® Ag and AgAh C Agh for all g,h £T. An action a of T on A by 
Hopf algebra automorphisms is called invariant if ag{Ah) = Ah for all g,h £T. 

By Lemma 11.31 these assumptions can be formulated by saying that we are given a cocentral 
Hopf algebra homomorphism p: A ^ KT and an action a of T on A such that pag = p for all 
g £ T. We then say that the pair (p, a) is an invariant cocentral action of T on A. Any such 
action defines a strict invariant action of T on Corep (A) and therefore we get a twisted category 
Corep(A)*’“. We want to define a Hopf algebra of which Corep(A)*’" is the corepresentation 
category. 

Consider the crossed product A Xq, T. We realize it as the tensor product A 0 KT with the 
twisted product (a ® g){b ® h) = aag{b) 0 gh. It is a Hopf algebra with the tensor product of 
original coproducts A(a 0 ( 7 ) = 0 p 0 0 ( 2 ) 0 g, the counit s{a g) = s{a), and the antipode 

< 5(0 0 5 ) = S{ag-i{a)) ^g~^. 

From this presentation it is straightforward that we have a monoidal equivalence 

Corep(A F) ~ Corep(A) x„ T. 

It is easy to see that the full monoidal subcategory Corep(A)*’" C Corep(A) Xq, T is rigid. It 
follows that the matrix coefficients of corepresentations of A Xq T lying in Corep(A)*’“ span a 
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Hopf subalgebra of ^ Xq F with corepresentation category Corep(A)*’“. We thus arrive at the 
following definition. 

Definition 2.6. Given an invariant cocentral action (p, a) of T on a Hopf algebra A, the graded 
twisting of A by the aetion ofT is the Hopf snbalgebra of H XQ,r spanned by the elements 

of the form a 0 <7 with a € Ag = {a £ A \ < 8 )p(a( 2 )) = 005} and g £T. If p is unambiguous 

from the context, we will also denote this Hopf algebra by 

By construction we have Corep(H*’") ~ Corep(H)^’“, but of course no categorical considera¬ 
tions are needed just to define Observe that by working with homogeneous components 

we immediately see that C H F is a sub-bialgebra, while the fact that it is closed 

under the antipode follows from S'(Hg) C Ag-i. 

The following description of H*’" is very useful. 

Proposition 2.7. The crossed product H x^ F becomes a KT-comodule by the coaction 

H Xq, F —^ (H Xq, F) 0 IFF, a 0 5 a(i) 0 <7 0p(a(2))fi'~^, (2.2) 

the space (H Xq, of invariant elements (that is, elements x satisfying x i-)- x 0 1 for the 

above coaction) coincides with H*’", and the map 

j: A ^ = {A x„ a ^ a(i) 0 p{a( 2 )) 

is a coalgebra isomorphism. Moreover, the map p = e® l: a® g £{o)g restricts to a cocentral 
Hopf algebra homomorphism ^ KT satisfying pj = p. 

Proof. This is easily verified by working with homogeneous components of H. □ 

We now describe the graded twisting operation in terms of pseudo-2-cocycles, when the action 
is almost adjoint. Recall that a linear map cr G (H 0 A)* is said to be a pseudo-2-cocycle (see 
|EV96j for an equivalent formulation) if it is convolution invertible, the product 

A X A 3 {a,b) a{a(^ipb(^i))a ^( 0 ( 3 ), b( 3 ))o( 2 )ft{ 2 ) € A 

is associative with the initial 1 still being the unit, and the bialgebra A‘^ equipped with the initial 
coproduct and the new product is a Hopf algebra. The pseudo-2-cocycle a defines then a quasi¬ 
tensor equivalence (tensor equivalence “minus compatibility with the associators”) between 
Corep(H) and Corep(H°'), which is a tensor equivalence if and only if o" is a 2-cocycle in the 
usual sense |Doi93j . see, e.g., |Dri89[[Sch96] . 

Assume that we have an almost adjoint action {p, a) on A as at the end of Section 11.21 
Thus a is defined by a pair (</>, 74 ) consisting of a map ()): F ^ H^{-^) and a 2-cocycle /r: F^ ^ 
HI{A). Recall that p can be considered as a cocycle with values in Aut®(Idcorep(A)) by ()1.4I) . 
Consider the associativity morphisms on Corep(A) defined by p as described in Theorem l2.21 
By that theorem we have a monoidal equivalence Corep(A*’") ~ (Corep(A), <h^). From this get 
a fiber functor F: (Corep(A), $^) ^ Yectx which is the forgetful functor on morphisms and 
objects, while its tensor structure F 2 : F{X) 0 F(Y) -3 F{X 0 Y) is given by tx 0 for 

X £ Corep(A)g. It follows that Ff)^ defines a pseudo-2-cocycle on A such that the twisting 
of A by this pseudo-cocycle gives A*’". Let us formulate this more precisely. 

Extend the maps (fg and on F to KT by linearity, so that = Ylg ^g4>f^ for x = J2g ^g9 
in KT. Similarly, extend p by bilinearity to a map KT 0 KT -3 H){A) . Define 

a: A(g)A-^ K, a 0 b ^ = p{p{a(^i)), S{p{a(^ 2 )))){S{b(i)))(j)sip(a^ 3 -,)){b( 2 ))- (2-3) 

Theorem 2.8. Assume an almost adjoint invariant cocentral action {p,a) ofT on A is defined 
by a pair {(f, p) as above. Then 

(i) the element a £ {A® A)* defined by ()2.3p is a pseudo-2-cocycle on A, with the convo¬ 
lution inverse given by 

a~^\A®A^K, a 0 6 1 -^ 0 p(a)( 6 ); 
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(ii) the map j-. A ^ AyiaV defines a Hopf algebra isomorphism of the twist A^ of A by a 
onto C Xq, r. 

Proof. The theorem follows from the preceding discussion, but let us give an explicit argument. 

Denote by a' the map defined in (i). Recall that if a G Ag, we have p{a) = s{a)g. For any 
b a A, we thus have 

(a * a')ia 0 6) = </'p^^j)(ft(i))(/'p(a(2))(^(2)) = £ia)(pfi^ib(i))fig{bc2)) = £(a)£(b). 

By linearity in a, we obtain that o" * cj' is equal to e 0 e. By a similar argument we also obtain 
cr' * (7 = £ 0 e, hence a' = (7~^ as claimed. 

Next, we claim that for any elements a, 6 , and c of A, we have 

o'"H«(i)>ft(i)C(i))o-"^( 6 ( 2 ),C( 2 ))o-(a( 2 ), 6 ( 3 ))fT(a( 3 ) 6 ( 4 ),C( 3 )) = n{p{a),p{b)){c). (2.4) 

First notice that (fx{bc) = 4)x^^^){b)(f)x^^2)ic) holds for x G RTF, which is by definition true if x is 
actually in F, and in general follows from that by linearity. This implies 

fT"^(a,6(i)C(i))(T“^(6(2),C(2)) = <(>p(a)(ft(l)C(l))(?ip(fe(2))(c(2)) 

= '/’p(a(i)) (^(1) )</’p(a(2)) i^P))^p(h(2)) (*^(2))' 

Next, the cocycle property of /r can be expressed as fix * 4>y = fixfi^y^i-) * ^(^( 2 )) 2 /( 2 ))) which is 
again easy to see on group elements. Thus, the above expression is equal to 

fip{a(i)) (^(1) )‘^p(a(2) 6(2)) ('^(1))): P(^(3)) ) ('^(2))) 

which by the cocentrality of p is equal to 

M(p(Q(1) ): P{b{l )) ) ('^(1) )‘/^p(a(3)6(2)) i^{2))fip{a^2)) (^(3)) 

= h { p { a ( l )) , )) (C(l) )o-"^ (a(2)6(2), C(2) )fT"nO(3), ^(3)) ■ 

This clearly implies (|2.4p . 

Recall that the associativity condition for the twisted product in the definition of a pseudo- 

2- cocycle means that, although the right hand side of (12.41) is not e(a 6 c), it defines a central 

3- form, that is, 

M(p(a(i)),P(^(i)))(c(i))a(2)^(2)C(2) = /i(p(a(2)),p(&(2)))(c(2))a(i)6(i)C(i). 

But this is an immediate consequence of the cocentrality of p and the centrality of ^{g, h). 

We thus get a bialgebra A^ with product given by 

a - b = o'(a(i), 6 (i))a( 2 ) 6 ( 2 )(T ^( 0 ( 3 ), 6 ( 3 )). 

If Og € Ag, the right hand side becomes 

^fi^ib{i))agb(^2)fig{b(3)) = agagib). 

This shows that Ag B Og Og 0 g is indeed an algebra homomorphism from A^^ to A F, 
and induces a bialgebra isomorphism A'^ ~ Hence A^^ is a Hopf algebra as well, and this 
proves (i) and (ii). □ 

Remark 2.9. It follows from Equation 12.41 that u is a 2-cocycle if and only if g. is the trivial 
map, i.e., if and only if ()(> : F ^ H^{A) is a group morphism. 

We end the section by discussing the Grothendieck ring of a twisted graded Hopf algebra. 
Denote by K(^) the Grothendieck ring of the tensor category Gorep(^). By the Jordan-Holder 
theorem, the isomorphism classes of simple objects form a basis of the underlying group, and 
in the cosemisimple case it can be identified with the subring of A generated by the characters 
of the simple corepresentations. An invariant cocentral action (p, a) on A defines an action 
of F on K(A), which is trivial when the action is almost adjoint, and in this case we have 
K(A) ~ K(A*’“) as rings, which follows directly either from Proposition 12.71 or Theorem 12.81 
When the invariant cocentral action is not almost adjoint, the coalgebras A and are still 
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isomorphic, hence their Grothendieck groups are isomorphic. At the ring level, we have the 
following result, which follows directly from Corep(A)*’" = Corep(Ah") as well. 

Proposition 2.10. Given an invariant cocentral action {p,a) ofT on A, we have a ring iso¬ 
morphism 

K(A*’") ~ (K(A) 

where F acts on K(A) by the functoriality of the functor K. 

2.3. Invariant cocentral actions by abelian groups. There is a slight asymmetry in our 
construction. If we start with an invariant cocentral action of F on a Hopf algebra, then we 
get a new twisted Hopf algebra, but an action of F is no longer defined on it. This is in itself 
not surprising, as typically the symmetries of deformations should also deform. The situation 
is better for abelian groups. 

Thus, in this section we specialize to the case when F is abelian to have an extra symmetry 
in our construction. 

Definition 2.11. We denote by P(F) the category whose objects are the triples {A,p,a), 
where {p, a) is an invariant cocentral action of F on a Hopf algebra A, and whose morphisms 
{A,p,a) —)• {B,q,/3) are the Hopf algebra homomorphisms f: A ^ B such that qf = p and 
Pgf = any € F. 

In other words, the morphisms in T>(T) are the F-equivariant homomorphisms of F-graded 
Hopf algebras. 

Lemma 2.12. IfT is abelian and {A,p,a) is an object ofVfr), then ag{j{a)) = j(ag(a)) for 
g €T defines an object {A^’°‘,p,a) ofViT), where j is the map defined in Proposition \2.1\ 

Proof. We have a well-defined action of F on A xIq, F by the Hopf algebra automorphisms 

ag{a 0 /i) = ag{a) G h. 

By restriction we get the required action of F on □ 

Given objects {A,p,a) and {B,q,fi) of I^(F) and a morphism /: (A,p,a) —)■ {B,q,l3), the 
natural extension / G r is a Hopf algebra homomorphism between the crossed products by F, 
and by restriction we obtain a Hopf algebra homomorphism A*’" —>■ Moreover if F is 

abelian, it is a morphism from (A*’",p, d) to g,/3) in the category F’(F). Therefore our 

graded twisting procedure defines an endofunctor of the category P(F), which is, as we shall 
see soon, an autoequivalence. 

Since F is abelian, the set of its endomorphisms End(F) has a ring structure, with the 
product given by composition ■ 'ip){g) = (f{'4){g)) and the sum given by pointwise product 
{(j) + if){g) = 4>{g)'f>{g). Using this structure, one obtains the ‘ax -|- 6’ semigroup structure on 
End(F)^, whose product is given by 

((/>!, V'l) • i4>2,'tp2) = i4>l + V’l • • V'2)- 

Let us show next that there is a right action of this semigroup on the category T’(F) such that 
the twisting functor {A,p,a) !->■ (A*’“,p, d) corresponds to the action by the element (t, t) in 
this semigroup. 

If € End(F) and (A,p,a) G BiX), the composition af defines again an invariant cocentral 
action of F. Moreover, for each g & T, the maps ctg = a® 0 i on A xIq,,^ F define an action 
on Thus we can define an endofunctor on F’(F) by setting F^{A,p,a) = (A*’“‘^,p, d). 

We need to verify the additivity in cj. 

Lemma 2.13. Let cjX be endomorphisms ofT, and {A,p,a) be an object o/iD(F). Then 
naturally isomorphic to given by the map Ug ® g Og ® g ® g for 

Og G Ag. 
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Proof. The map in the assertion is induced by the T-graded coalgebra isomorphisms j: A ^ 
j^t,a{ 4 >+ij)) j2. ^ ^j^t,arf>Y,aip ^ Hence we only need to verify that it is compatible with the 
algebra structures. 

If Og G Ag and bh ^ Ah, one has 

{{ag®g) ®g){{hh ®h)®h) = {{ag ® g)a.^(^g){bh ® h)) ® gh = {{og ® a^(g)a^(g)(6/i)) ® h) ® h. 

Since cXcj){g)aiip(g) = a,^(g)^(g), one sees the compatibility with the algebra structures. □ 

It follows from the lemma that the graded twisting functor is indeed an autoequivalence 
of T>(r), with inverse given by the functor {A,p,a) i—> d), where —l is the automor¬ 

phism of r given by —i{g) = g~^ ■ 

As an immediate and useful consequence, we have the following result. 

Lemma 2.14. Let {A,p,a) and {B,q,/3) be objects in T>(r). Assume that we have a Hopf 
algebra map 

f A*’" 

inducing a morphism {B,q,l3) —>■ {A^’'^,p,a) in T>(r). Then f is an isomorphism if and only if 
there exists a Hopf algebra map 

f' : A^ 

inducing a morphism {A,p,a) — {B^’^^~‘'\q, P) such that {f'®i)f and {f®i)f' are the canonical 
isomorphisms B ~ B^’^ and A ~ A^’^, respectively. 

Next, define Fjp{A,p,a) = {A,p,a‘ip). 

Lemma 2.15. The endofunctors and F™ satisfy F^F^ = FjpFfp_^. 

Proof. Expanding the definitions, we see that both F^Ff^ and FfpF^^^ send the object (A,p, a) 
to ji, d'0). □ 

By this lemma, we obtain a right action of the {ax + 6)-semigroup of End(r) on F(r), 
defined by 

{A,p,a) ■ {<p,fj) = F^F^{A,p,a) = {A^’°‘'^,p,afj). 

As an example, with the automorphism —i{g) = < 7 ”^, the action of (— —l) defines an involution 
on T>(r). 


2.4. Examples. To illustrate the graded twisting procedure, we end the section with examples. 


Example 2.16. Eirst let us explain the relation of quantum SL(2) for the parameters q and —q 
(see [NY15] for the compact case). At the categorical level this can be explained also from the 
universality of the Temperley-Lieb category, see [EODll Remark 2.2]. 

Denote by a,b,c,d the standard generators of 0(SLq(2)). There is a cocentral Hopf algebra 
map 

p:0(SL,(2))^KZ,. (“ «) 

where g denotes the generator of Z 2 . There is also an involutive Hopf algebra automorphism 
a = Ug oi 0(SLg(2)) defined by 

fa b\ fa —b\ _ f i ^ \ f ^ 

yc d) ^ \“C d J \^0 — y\^c dj yO ij 


It is straightforward to check that there exits a Hopf algebra map 


0(SL_,(2)) ^ 0(SL,(2))'’“, 


fa b\ f a® g b® g 
yc dj yc® g d® g 


which is easily seen to be an isomorphism. Note that the above cocentral action also induces 
a cocentral action of Z 2 on 0{Bg), the quotient of (!I(SLq(2)) by the ideal generated by c, and 
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that similarly 0[B-q) is a graded twist of 0{Bq). In addition, suppose that K contains the 
imaginary unit i. Since 



extends to an algebra homomorphism C)(SLg(2)) —> K, the pair {p, a) becomes an almost adjoint 
invariant cocentral action of Z 2 on 0(SLg(2)). 

Example 2.17. The example of 0(SLg(2)) has the following natural generalization. Let E € 
GL(n, K) and consider the Hopf algebra 13(E) defined by Dubois-Violette and Launer [DVL90j : 
B{E) is the algebra generated by Ojj, 1 < i, j < n, subject to the relations E~^a^Ea = In = 
aE~^a^E, where a is the matrix ( 0 ^) (for an appropriate matrix Eg, one gets 0(SLq(2)), see 
[DVL9n| L Just as before, there is a cocentral Hopf algebra map 

p: B(E) ^ KZ 2 , Qij 6ijg. 

Consider now a matrix Q € GL(n, K) such that = ±In and Q^EQ = E. Such a matrix 
defines an involutive Hopf algebra automorphism aq of B(E) with aQ(a) = QaQ~^, and we get 
an almost adjoint invariant cocentral action (p^aq) of Z 2 on B(E). Again a direct verification 
provides a Hopf algebra morphism 

B{EQ-^) = B(EQ) aij ^ ® g 

which is shown to be an isomorphism using Lemma 12.141 

Example 2.18. To finish the section with a cocentral action that is not almost adjoint, we 
examine an example related to free products. Let A be a Hopf algebra endowed with a cocentral 
surjective Hopf algebra map p: A —> KZ 2 . Consider the free product Hopf algebra A* A (as an 
algebra, it is the free product of A with itself in the category of unital iL-algebras). It admits 
the cocentral Hopf algebra map A * A ^ K'L 2 whose restriction to each copy is p, that we still 
denote p. Let a be the Hopf algebra automorphism of A* A that exchanges the two copies of A. 
We get a cocentral action (p, a) of Z 2 on A * A, and hence a graded twisting (A * A)*’". The 
simple corepresentations of (A * A)h“ can be labeled by the reduced words on those of A (since 
the same is true for the free product, see |BR16] L and the fusion rules can be computed from 
those of A, see Proposition 12.101 

Now let A = B(E) as in the previous example. Put F = E^E~^, and consider the universal 
cosovereign Hopf algebra 'H(F) (see |Bic07] . these are the Hopf algebraic generalizations of the 
universal compact quantum groups from |VDW96] ). which is the algebra generated by Uij, Vij, 
1 ^ ^ n, subject to the relations 

uv^ = In = V^u, Fu^F~^v = In = vFu^F~^ 

where u, v are the matrices (uij), (vij) respectively. We can then directly verify that the 
correspondence 

u 1 -^ ® g(, u 1 -^ E*a^'^\E~^Y ® 9 

defines a Hopf algebra homomorphism 'H(F) (B(E) * B{E))^’°‘, where the superscript refers 

to the numbering of copies inside the free product. To prove that this is an isomorphism, 
one constructs a cocentral action {q,f3) of Z 2 on 'H(F)-. the cocentral Hopf algebra map is 
q \ 'H(F) K, Uij, Vij !->• 6ijg, and the Z 2 -action on 'H(F) is given by /3{u) = (E~^)^vE^ and 
P(v) = E*u(E~^Y. One then checks the existence of a Hopf algebra map 

B(E) * B(E) ^ ^ (E-^fvE^ ® g 

and using Lemma [2.141 we conclude that 'H(F) is a graded twist of B(E) * B(E). The details 
are left to the reader. 

It seems that the graded twisting picture is the simplest way to describe the corepresentations 
of 'H(F) |Ban97llBic07llGhil2[|BR16] when F is of type E^E~^. 

Several other examples will be examined, at the compact quantum group level, in the next 
sections. 
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3. Compact quantum groups 

In this section we specialize to the case of compact quantum groups. In particular, we assume 
that K = C. We refer the reader to |NT13j for basic terminology. 

3.1. Twisting regular functions of compact quantum groups. We work with Hopf alge¬ 
bras A = 0{G) of regular functions of compact quantum groups. This simply means that A is 
assumed to be a Hopf *-algebra such that every finite dimensional corepresentation is unitariz- 
able, or equivalently, A is generated as an algebra by matrix coefficients of finite dimensional 
unitary corepresentations, see |KS971 Section 11.3.1: INT131 Section 1.6]. 

We denote the dual algebra of 0{G) by U{G). It is a ^-algebra, with the *-structure defined 
by uj*{a) = uj{S{a)*) for oj G G{G) and a G 0{G). More generally, we write U{G'^) for the 
dual of O(G)®"’. We denote by A: h{{G) — U{G x G) the ‘coproduct’ map which is the dual of 
the product 0{G) 0 0{G) G(G). We also write RepG instead of Corep(0(G)), and Ch(G) 

instead of Ch(Corep(Cl(G'))). 

When dealing with compact quantum groups, we require invariant cocentral actions {p, a) to 
be ^-preserving. In other words, we assume that the action satisfies ag{a)* = ag{a*). Note that 
we automatically have a* G 0{G)g-i for a G 0{G)g. Indeed, such a is of the form ® i)(H) 
for a unitary representation U G (RepG)g and C,?/ G Hjj, where we put uj^^g{T) = {T^,r]) for 
T G B{Hu). The involution is characterized by l){U)* = S){U), and S{0{G)g) = 

0{G)g-i (see remark after Lemma 11.31) implies a* G 0(G)g-i. Moreover, the corresponding 
cocentral homomorphism tt: 0{G) —CT becomes a ^-homomorphism with respect to the 
standard *-structure g* = g~^ on CT. Indeed, if a G 0{G)g, then 7r(a) = e{a)g, and since e is 
a ^-homomorphism, we get vr(a)* = £{a*)g~^ = 7r(a*). 

In this case the twisted Hopf algebra 0{GY’°‘ is again a Hopf *-algebra, with the *-structure 
inherited from H T. Hence it is the algebra of regular functions on a compact quantum 
group, which we denote by G*’". 

While in the noncoamenable case it is hard to relate the C*-norms on to those 

on 0{G), the reduced norms can be easily related as follows. 

Proposition 3.1. The C*-algebra Cr{G^’°‘) coincides with the norm closure of 0{GY’°‘ in the 
reduced crossed product Cr{G) Xa,r T- 

Proof. The Haar state on 0{G) T coincides with the composition of the Haar state on 0{G) 
with the canonical conditional expectation 0{G) x^T —> 0(G), a^g i-a dg^eO. It follows that the 
completion of 0{G) x^T in the corresponding GNS-representation coincides with Gr{G) Xq,^^ T. 
Since the Haar state on 0{GY’^ is the restriction of that on 0{G) x^T, we get the assertion. □ 

As is common in operator algebra, from now on we denote the elements a 0 G 0{G) Xq, T 
by a\g. 

Let us now say a few words about the case of an almost adjoint action. Denote by H^(G] T), 
resp. by Hq{G;T), the subgroup of H^{0{G)), resp. of H|(0(G)), consisting of unitary ele¬ 
ments. Then, when talking about compact quantum groups, we assume that an almost adjoint 
action is given by a pair (</>, ^) such that </> takes values in H^{G-,T), while p is a cocycle with 
values in Hq{G‘, T). Given such an invariant cocentral action, we get a cocycle c G Z^(Ch(G); T) 
by Proposition 12.31 and a pseudo-2-cocycle a £U{G x G) hy Theorem 12.81 This pseudo-cocycle 
is unitary, and in our present notation identity (12.4p becomes 

(t 0 A) 0 0 1) (A 0 t)(cT) = c in lA{GxGxG), (3.1) 

where we view c as an element oilA{G^) using the embedding of the function algebra on Gh(G)^ 
into U{G^) dual to p®^ : 0{G)®‘^ —)• (C Ch(G))®^, and we omit the notation for the convolution 
product on U{G^). 

Remark 3.2. The compact group T = H^{G]T) is a closed subgroup of G\ the surjective Hopf 
*-algebra homomorphism 0{G) —>■ 0{T) maps a G 0{G) into the function that takes value 
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u{a) at u ^T. If Ch(G) is abelian, then its dual Hq{G]T) is a central subgroup of T, and the 
pseudo-2-cocycle cr is in W(T x T). If furthermore T is abelian, then a can be regarded as a 
2-cochain on T whose coboundary is the inverse of the lift of the 3-cocycle c on Ch(G) to T. 

3.2. Orthogonal, hyperoctahedral and nnitary quantnm groups. In this section we 
consider some concrete examples of our twisting procedure. 

Example 3.3 (Orthogonal quantum groups). Let F € M„(C) be a matrix satisfying FF = c/„, 
c € M*. Recall that the free orthogonal group [VDW96llBan96j is defined as follows. 
The algebra 0(0^) is the universal unital *-algebra generated by entries of an n-by-n matrix 
U = subject to the relations U*U = UU* = In and FUF~^ = U, where U = {u*j)ij. 

The C*-envelope of 0{0p) is denoted by Ao{F). 

It is easy to check that, as a Hopf algebra, O(O^) is the Hopf algebra in Exam- 

Dle l2.171 The considerations there can be easily adapted: let Q G GL(n, C) be a unitary matrix 
such that = Fin, Q^FQ = F. We obtain an almost adjoint invariant cocentral action aq 
of Z 2 on 0{0p), corresponding to the group homomorphism Z 2 ^ 

'-'f 

sending the nontrivial element to the class of Q, with aqiU) = QUQ~^, and a twisted compact 
quantum group (0^)*’“‘5. Similarly to Example 12.171 the compact quantum group is 

isomorphic to O^qt- 

If F = In, then is denoted by 0+, and the C*-envelope of 0(0+) is denoted by Ao{n). 
A matrix Q as before is a real orthogonal matrix with = Fin, and there are two cases: 

(i) = In- in this case the matrix Q is symmetric and Og is isomorphic to 0+. 

(ii) = —In- in this case necessarily n is even and the matrix Q is anti-symmetric. 
Without changing the isomorphism class of Og, we can assume [BDRV06] that Q is 
the matrix 



The category Rep(0+)*’"'3 is the nontrivial twist (RepO+,‘h) for the associator <I> 
acting on the three-fold tensor product of irreducible representations Ua /2 ® C^b /2 ® t^c /2 
by (—1)“+^+'^, where 11^/2 is the irreducible representation of spin a/2 for o € N. 

For n = 2, we have Ao{J 2 ) — 0(811(2)), while Ao{2) ~ C'(SU_i(2)), so we recover the twisting 
of SU(2) into SU_i(2) in |NY15| . 

The above procedure for twisting works for any quantum subgroup Z 2 C 77 C 0^^ such 
that J 2 m € 77^(77;T). We will have a brief look at two examples of this situation. 

Example 3.4 (Half-liberated orthogonal quantum groups). Recall |BSr)9] that the half-liberated 
orthogonal quantum group O* is defined as follows: 0 ( 0 *) is the quotient of 0 ( 0 +) by the 
relations abc = cba, a,b,c € {uij}- We get a twisted half-liberated orthogonal quantum group 
= (Ok)"’" 2 m ^ with 0 ( 0 }^^) the quotient of 0 ( 0 )/^^) by the same relations as above. 

Example 3.5 (Hyperoctahedral quantum groups). Recall |Bic04llBBC07j that the hyperoctahe¬ 
dral quantum group H+ is defined as follows: 0(H+) is the quotient of 0(0+) by the relations 
UijUik = 0 = UjiUki if j 7 ^ k. We obtain a twisted hyperoctahedral quantum group with 

0(Hj^^) the quotient of 0{0j^^) by the relations UijUu = QiiiFk = mFt and j 7 ^ m-t- 1, 
or iFk^mFt and j Fl = m Ft. Similar considerations also work for the hyperoctahedral 
series H^^ C H* C H^f^ considered in [BCS10| . 

Example 3.6 (Unitary quantum groups). Recall that the free unitary quantum group U+ |Wan95] 
is defined as follows: the algebra 0(U+) is the universal unital ^-algebra generated by entries of 
an n-by-n matrix U = {uij)ij subject to the relations U*U = UU* = In and UU^ = In = U^U, 
where U = iu*j)ij. The C*-envelope of 0(U+) is denoted by Au{n). 
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We have 0(U+) ~ 'H{In) as Hopf algebras, where ^{In) is the Hopf algebra of Example 12.181 
and the constructions there can be adapted easily, showing that 0(11+) is a graded twist of 
0 ( 0 +) * 0 ( 0 +). 

The above construction works for any quantum group H with Z 2 C C 0+, to produce 
a graded twisting of 0{H) * 0{H). To conclude the section, we briefly mention two more 
examples. 

Example 3.7 (Half-liberated unitary quantum groups). We put H = O* above. The twisted 
version of 0(0*) * 0(0*) we obtain is 0(U*), defined in [BDDllj . i.e., the quotient of 0(U+) 
by the relations ab*c = cb*a, a,b,c € {uij}. 

Example 3.8. Now put H = O^. Then the twisted version of 0(0„) * 0(0^) we obtain is 
0(Un), recently defined in [Banl5j . i.e., the quotient of 0(U+) by the relations ab* = ba*, 
a,b £ {uij}. 

3.3. Twisting and coamenability. Let us return to the general case of compact quantum 
groups. Recall that a compact quantum group G is called coamenable if the counit on 0(0) 
extends to a bounded linear functional on Cr{G), in which case the C*-algebra Gr{G) coincides 
with the C*-envelope of 0(0) and we simply write 0(0). In this section we explore implications 
of coamenability for twisting. 

We start with the following simple observation. 

Proposition 3.9. Let G be a coamenable compact quantum group and {p, a) be an invariant 
cocentral action of T on 0(0). Then the image of p is contained in CTo for an amenable 
subgroup Tq o/T, and the compact quantum group O*’" is coamenable. 

Proof. First of all observe that the cocentral ^-homomorphism 0{G) —>■ C Ch(0) realizes the 
dual quantum group of Ch(0) as a quantum subgroup of O. Since coamenability passes to 

quantum subgroups, the quantum group Ch(0) must be coamenable, hence Ch(0) is amenable. 
The T-grading on 0(0) is defined by a homomorphism Ch(0) —T. Hence the image Tq of 
Ch(0) in r is amenable. 

By Proposition 13.11 we have 0^(0+") C 0(0) xir Tq. Since the counit map e: 0(0) —>■ C is 
T-equivariant, it induces a ^-homomorphism e®i-. 0(0) xi^To —>■ Cxi^To = O*(ro). The counit 
on Gr{G^’^) is the composition of this homomorphism with the counit O*(ro) ^ C. Hence it is 
bounded. □ 

If a is almost adjoint, the above result follows also from the fact that O and O*’" have the 
same fusion rules and the classical dimension functions, see |Ban99] or |NT13l Section 2.7]. 

Our goal is to show that coamenability puts restrictions on applicability of our twisting pro¬ 
cedure. We start with an auxiliary categorical consideration. Let A be an essentially small rigid 
C*-tensor category. (We assume that the C*-tensor categories that we consider in this section 
have simple units and are closed under finite direct sums and subobjects.) Consider the set 
of isomorphism classes of simple objects in A. For every s £ choose a representative Ug. For 
every object U let Tu G be the operator such that its matrix coefficient corresponding 

to s, t G / is the multiplicity of Ug InU ®Lft. 

Given another rigid C*-tensor category B and a unitary tensor functor F: A —> B, the 
functor F is called amenable if the fusion ring of A is amenable (see |HI98] 1 and ||r[/|| = 
d^{F{U)) for every object U in A, where d^ denotes the quantum dimension. It is shown 
in |NY 14b| that once the fusion ring of A is amenable, there exists a universal amenable functor 
H. A ^ V. Furthermore, such a universal amenable functor can be constructed as follows. 
Assume A. is a subcategory of a rigid C*-tensor category B such that ||r^|| = d^{U) for all 
objects U in A. For every object U in A choose a standard solution {Ru, Ru) of the conjugate 
equations for Lf in A. Then there exists a unique positive automorphism ajj of 1/ in B such 
that ((r ® Ojj )Ru, {ajj ^ ® i)Ru) is a standard solution of the conjugate equations for U in B. 
Then as V we can take the C*-tensor subcategory of B generated by A and the morphisms au, 
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and as 11 we can take the embedding functor. In fact, this description of H: A ^ V was given 
in |NY14bl Section 4] for strict C*-tensor categories. But since every category is equivalent to 
a strict one, it is clear that it remains true in general. 

Consider now a coamenable compact quantum group G. Coamenability means exactly that 
the canonical fiber functor Rep G Hilbj is amenable. In this case it can be shown, see |NY14[ 
Theorem 2.1], that the universal amenable unitary tensor functor is the restriction functor 
Rep G —)• Rep K, where K <Z G is the maximal closed quantum subgroup of Kac type, that is, 
0{K) is the quotient of 0{G) by the two-sided ideal generated by the elements a — S‘^{a) for 
a € 0(G). 

Before we formulate the main result of this section, let us also introduce another piece of 
notation. Given a cocycle c G Z^(Ch(G);T), denote by (RepG)'^ the monoidal category RepG 
with the new associativity morphisms such that {U ®V) U ® {V ® W) is the scalar 

morphism c{g,h,k) for [G] = g, [R] = h and [W] = k. We can also assume that the cocycle c 
is normalized, 

c(e, g, h) = c{g, e, h) = c{g, h, e) = 1, 

without loss of generality. 

Theorem 3.10. Let G be a coamenable compact quantum group with maximal closed quantum 
subgroup K of Kac type. Assume we are given a 3-cocycle c G Z^(Ch(G);T). Then Ch(G) is 
a quotient of Ch{K) and the restriction functor (RepG)'^ —)• (RepR')'^ is a universal amenable 
unitary tensor functor. 

Proof. The first statement is obvious, since the cocentral Hopf algebra homomorphism 0{G) 

C Ch(G) factors through 0{K) by the maximality of K. 

Next, consider the Woronowicz character p G IA{G). For every representation U G B{Hu) ® 
0{G) of G it dehnes an operator pu = ® P){U) on Hjj. Then RepRT can be described as 

the C*-tensor subcategory of Hilb/ generated by RepG and the morphisms pu, see the proof 
of [NY141 Theorem 2.1]. In order to connect this with the above discussion of the construction 
of amenable functors, recall that pu are exactly the morphisms ajj we discussed above for the 
categories RegG C Hilb/ and a suitable choice of standard solutions in RepG. 

Consider the restriction functor (RepG)'^ ^ (RepiF)'^. This functor is amenable, since the 
new associativity morphisms change neither fusion rules nor quantum dimensions. In order 
to show that this functor is universal we have to find the morphisms ajj relating solutions of 
the conjugate equations in (RepG)'^ and (RepiF)'^, and then show that (RepiF)'^ is generated 
by (Rep G)'^ and these morphisms. Given an irreducible representation [/ of G of degree g G 
Ch(G) and a standard solution [Ru^Ru) of the conjugate equations for U in RepG, the pair 
{R^,R^) = {Ru,c{g~^, g, g~^)Ru) forms a standard solution for U in (RepG)'^. From this it 

1 /o _1 /2 — 

becomes clear that the morphism au in (RepRT)^ such that {{i ® Ojj )R<jj,{a^^'^®i)R<ij) is a 
standard solution of the conjugate equations for U in (RepRT)'^ is the same as in the case of the 
trivial cocycle, that is, ajj = pu¬ 
li remains to show that (RepiF)'^ is generated by (RepG)'^ and the morphisms pu. Take 
representations U and V of G. Then the fact that Rep K is generated as a C*-tensor category 
by RepG and the morphisms pw means that any morphism U\k V\k can be written as a 
linear combination of compositions of morphisms U' — V' in Rep G and morphisms of the form 
Lx ® Py ® I'Z- But the same compositions makes sense in (RepiF)'^, with any distribution of 
brackets on Y (8) Y Z. Hence the tensor category generated by (RepG)'^ and pw contains all 
morphisms U m. (RepiF)'^. This proves the assertion. □ 

The above theorem can be used to simplify the considerations in [NY141 Section 3.1]. More 
importantly for the present work, it gives the following. 

Corollary 3.11. Under the assumptions of the theorem, a unitary fiber functor F: (RepG)'^ —>■ 
Hilbf such that dimT(f7) = dimt/ for all U exists if and only if there exists a unitary fiber 
functor {RepKr^Rkp. 
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Proof. Since a unitary fiber functor F: (RepG)'^ Hilbj such that dimF(f7) = dimf/ is 
amenable, by universality it must factor through (Rep Ky, in a unique up to a natural unitary 
monoidal isomorphism way. This proves the corollary in one direction, and the other direction 
is obvious. (R is worth recalling that since (Repit')'^ is amenable, any unitary fiber functor 
(RepR)'^ —>■ Hilbj is dimension-preserving.) □ 

Therefore if, for example, there are no unitary fiber functor (RepR')'^ —)• Hilb/, then for any 
twist of G we cannot have the category (RepG)'^ as the representation category of G*’". 

3.4. Drinfeld—Jimbo deformations of compact Lie groups. Consider a compact simply 
connected semisimple Lie group G and, for (7 > 0, its ( 7 -deformation Gq. (In fact, with a suitable 
definition of g-deformation, everything what follows remains true in the non-simply-connected 
case.) We denote the coproduct on U{Gq) by Ag. 

Let T be the maximal torus in G which remains undeformed in Gq. The center Z{G) of G is 
well-known to be contained in T, and its dual is P/Q, where P and Q are the weight and root 
lattices, respectively. It is also known that for q y 1 we have 

HyGq;T) = T and Ch(Gg) = = P/Q. 

In particular, we are in the setting of Remark 13.21 so our construction of pseudo-2-cocycles 
simply produces particular 2-cochains on T = P with coboundary living on P/Q. The follow¬ 
ing result shows that there is essentially no other way of constructing pseudo- 2 -cocycles with 
coboundary living on Ch(Gg). 

Theorem 3.12. With the above notation, assume q > 0, q y 1, and c € Z^{P/Q]T). Then the 
following conditions are equivalent: 

(i) there is a unitary fiber functor F: (RepGg)'^ Hilbj such that dimT(I7) = dim 17 for 
all finite dimensional unitary representations U of Gq; 

(ii) there exists a unitary a € U{Gq x Gq) such that 

(i 0 Ag)((T“^)(l 0 cr~^){cr 0 l)(Ag 0 L){a) = c; (3.2) 

(hi) there exists a unitary a satisfying dM]) obtained by the construction in Theorem 1 2. SI 
(for a quotient V of P/Q and an action ofV on Gr{Gq)); 

(iv) the lift of c to P is a coboundary; 

(v) the cocycle c vanishes on /Q{P/Q) C HyP/Q]!^). 

Furthermore, if these conditions are satisfied, then all unitaries a satisfying (1321) have the 
form 

a = {u<Z u)fAq{u)~^, 

where u € tl{Gq) is a unitary element and f is a T-valued 2-cochain on P such that df = c~^. 

Proof. The equivalence of (i) and (ii) is a simple consequence of the definitions and is well-known 
to be true for any compact quantum group and a unitary associator c on its representation 
category. 

Since q y 1, the maximal closed quantum subgroup of Gq of Kac type is T, see [TomOTl 
Lemma 4.10] or [NY141 Theorem 3.1]. Therefore by Corollary 13.111 if (i) is satisfied then there 
exists a unitary fiber functor (RepT)'^ Hilb/, so by the analogue of equivalence between (i) 
and (ii) for T instead of Gq we conclude that c is a coboundary on P. Thus (i) implies (iv). 

The equivalence of (iv) and (v) is proved in |NY15l Corollary A.4]. In |NY15l Theorem 3.1 
and Corollary A.4] it is also shown that (iv) implies (iii). Finally, (hi) obviously implies (ii). 

Assume now that conditions (i)-(v) are satisfied and choose a T-valued 2-cochain f on P 
such that df = c~^. Consider the quantum group Gq obtained by twisting the product on 
0{Gq) by /, or in other words, by replacing the coproduct on U{Gq) by Ag = fAq{-)f~^. Take 
any unitary a satisfying (1321) . Then, since / also satishes (I32D, the unitary Pt = af ^ is a dual 
2-cocycle on Gq, that is, 

(fl 0 1 )(A^ 0 i){n) = (10 0)(r 0 A/j){n). 
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By |NY14l Corollary 3.3], any such cocycle is cohomologous to a cocycle on P, that is, there 
exist a unitary u G U{Gq) = U{Gq) and a cocycle uj G Z^{P] T) such that Vl = {u®u)u:Kq{u)~^. 
Then a = {u® u)ojf Kq{u)~^ and d{ujf) = c~^. □ 

The above theorem shows that if A^{P/Q) ^ 0, e.g., G = SU(2)^, any choice of c which is 
nontrivial on A^{P/Q) leads to the absence of unitary fiber functors on (RepGg)'^ preserving 
the classical dimension. This gives a partial answer to the question of existence of fiber functors 
on (RepGq)'^ raised in [NY15| . 

It is still possible, however, that there are fiber functors of a different dimension. Of course, 
if such functors exist, they are not defined by pseudo-cocycles. Let us show that at least for 
some q such functors do not exist. 

Corollary 3.13. Assume that a cocycle c G Z'^{P/Q]T) does not vanish on A^{P/Q). Then 
there exists an interval {a,b) C M containing 1 such that for all q G (a, 6), q^l, there are no 
unitary fiber functors (Rep Gqfi -A Hilb/. 

Proof. Choose a self-conjugate faithful unitary representation U of G. Denote by the same 
symbol U the corresponding representation of Gq. Choose an interval {a,b) C M such that 
dim^ U < dim U + 1 for q G (a, b). Then for any unitary fiber functor F : (Rep Gqfi -A Hilb/ we 
have dim F(U) = dimH. But there exists only one dimension function on the representation 
ring of G with value dim U on the class of U, see the proof of |Was891 Theorem 19]. Therefore F 
preserves the classical dimension, and by the above theorem we know that such a functor does 
not exist for g 7 ^ 1 . □ 


4. Compact groups 

In this section we consider genuine compact groups G, and study the problem of describing 
closed quantum subgroups of G*’“. 

4.1. Quantum subgroups. Let us start with a short general discussion of quotients of 
Let (p, a) be an invariant cocentral action of T on a Hopf algebra A. The basic construction is 
the following. Let I be a T-stable Hopf ideal of A such that I C Ker(p), tt: A ^ A/1 be the 
quotient map, p be the induced cocentral homomorphism of Hopf algebras p: A/1 -A KT, and d 
be the induced action d: T —>■ Aut(H//) of T on the quotient. Then (p, d) is again an invariant 
cocentral action of T on A/L The map 7rC>r:HxQr — >• {A/1) x^T is a homomorphism of 
Hopf algebras, so by restriction it defines a Hopf algebra homomorphism H*’" —)■ (H//)*’“. As 
7 r(Ag) = {A/I)g, this map is surjective, so (A//)*’" is a quotient of A*’". 

Let us characterize the quotients of A*’" that arise in this manner. For any g ^ T, the 
restriction of ag ^ l defines a T-graded coalgebra automorphism of A*’“. (As we observed in 
Section [M this is an algebra automorphism if T is abelian, but not in general.) We say that a 
subspace X C A*’" is T-stable if {og ( 8 > r)(Y) C X holds for any S' G T. 

Proposition 4.1. Let (p, a) be an invariant cocentral action ofT on A, and let f: A*’" — >■ B 
be a surjective Hopf algebra map such that J = Ker(/) is a T -stable Hopf ideal with J C Ker(p). 
Then there exists a T-stable Hopf ideal I C A satisfying I C Ker(p), such that {A/lfi’'^ is 
isomorphic to B as a Hopf algebra. 

Proof. Using the T-graded coalgebra isomorphism j, we put I = Thus, an element 

a = Yhg Rg with Ug G Ag belongs to I if and only if ag® g belongs to J. We claim that I is 
a T-stable Hopf ideal of A with I C Ker(p). 

The first observation is that / is a coideal, since j is a coalgebra map and J is a coideal. 
Next, by pj = p, J C Ker(p) implies I C Ker(p). Since j intertwines ag with ag 0 r, we also 
see that I is T-stable. 

In order to show that I is also an ideal, let us note that since J is a coideal contained in 
Ker(p), the map J -A J ® KT, x !->■ X(i) 0 p(x( 2 )), defines a coaction of T on J. Hence J 
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decomposes into homogeneous components, so that if a = ^ then the element j(a) 

belongs to J if and only if each j(ag) = Ug iS> g belongs to J. Combining the homogeneous 
decomposition a = J2g^g antipode formula S{j{ag)) = j{S{ag-i{ag))), we see that I 

is stable under the antipode. 

Now, suppose that a = Ug G I, and let b = Yh ^h, for bh G Ah, be another element. Then 
for any g, h, we have ag ® g ^ J, which implies that (a^ ( 8 ) g){ag-i (bh) ® h) = agbh ® gh ^ J. 
Thus we obtain agbh G I, so that / is a right ideal, hence a T-invariant Hopf ideal as claimed. 

We can therefore form the Hopf algebra (H//)*’" as above, and the canonical projection 
tt: a A/1 induces a surjective Hopf algebra map tt 0 l: —)• (A/lY’^. Looking at the 

homogeneous elements in the kernel, we see that J is exactly the kernel of this projection. □ 

Let us now turn to the case of compact groups. So from now on we assume that K = C and 
A = 0{G), the Hopf *-algebra of regular functions on a compact group G. Then the category 
Corep(H) = RepG is semisimple and has a commutative chain group, namely, the Pontryagin 
dual of the center Z{G) of G. Therefore, since a T-grading is given by a homomorphism 
Ch(G) ^ r and only depends on the (abelian) image of this homomorphism, the group T can 
be assumed, without loss of generality, to be abelian. 

We denote by T T —>■ Z{G) the homomorphism dual to Ch(G) ^ T. A function / G 0(G) 
belongs to the homogeneous subspace 0{G)g for some <7 G T if and only if f{i{'il;)x) = 'tp{g)f{x) 
holds for any -0 G T and any x G G. Moreover, the decomposition of f according to the grading 
0{G) = e'gerO{G)g is given by 

f = ^fg, where fg{x)=[ ip{g)f{i{'ip)x)d'il}, 

ger 

where the integration is with respect to the normalized Haar measure on T. This decomposition 
holds as well for any / G G(G), at least if the convergence of fg understood in Lp‘{G). 

Assume next we are given an invariant cocentral action of T on 0(G). It must be given by 
a continuous action a: T r\ G hy group automorphisms leaving i(r) pointwise invariant. We 
denote by the same symbols ag these automorphisms of G and the corresponding automorphisms 
of G(G), so that ag{f){x) = f{a~^{x)). 

The coaction of T on 0{G) xIq, T defined in Proposition 12.71 can be regarded as an action of P. 
As r is abelian, this is an action by *-algebra automorphisms. Explicitly, this action arises from 
the action of P on G(G) by translations and from the dual action on G(G) Xq T. We denote 
this combined action by tr xd, so 

(tr xa),p{fXg) = -ip{g)fii{'il^) ■)Xg. (4.1) 

Therefore Propositions 12.71 and 13.1] imply that for this action of P on G(G) T we have 

G(G^’“) = (G(G) x„ T)^ and G(G‘’") = (G(G) x„ Vf. 

Note that as any compact group is coamenable, by Proposition 13.91 the quantum group G*’“ is 
coamenable as well, so the notation G(G*’“) is unambiguous. 

Finally, the automorphisms ag of G(G) extend to G(G) Xq, P by ag{fXh) = ag{f)Xh- 
On G(G*’“), this is what we denoted by ( 8 ) t above. 

With this setup, Proposition 14.11 (which is easily seen to remain true for Hopf ^-algebras) 
translates into the following. 

Proposition 4.2. Let G be a compact group, P a discrete abelian group, z: P ^ Z{G) a 
continuous homomorphism, and a an action ofT on G by group automorphisms that leave z(r) 
pointwise invariant, so that we can define the twisted compact quantum group G*’". Assume J 
is a Hopf *-ideal in G(G*’") such that ag{J) = J for all g and J is contained in the kernel 
of the homomorphism p: 0(G) Xq, T ^ C^(r), fXg i-)- f{e)g. Then J is defined by a closed 
a-invariant subgroup H of G containing i(r), so that G(G*’“)/J ~ 0(77*’"). 
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In order to formulate our main result we need to introduce more notation. Under the as¬ 
sumptions of the above proposition, define an action of F x F on G by homeomorphisms by 

{g, 'il)).x = ag{i{'il))x) = i{Tp)ag{x). (4.2) 

Consider the following subsets of G: 

Greg = {x G G I the stabilizer of x in F x F is trivial}, 

Gi = {x G G I ag{x) G *(f)x, \/g G F}, 

G'" = {x G G I ag(x) = X, V 5 G F} C Gi. 

Our goal is to prove the following theorem. 

Theorem 4.3. Let G, F, i, a be as in Proposition \4-S\ and assume that F is finite and i: T ^ 
Z{G) is injective. Assume also that one of the following conditions holds: 

(i) A^F = 0 and G = Greg U Gi; or 

(ii) G = Greg U G^. 

Then there is a one-to-one correspondence between 

- Hopf *-ideals J C 0{G^’°‘) with 0{G^'°‘)/J noncommutative, and 

- closed a-invariant subgroups of G containing z(r) and an element of Greg- 

Remark 4.4. If F is a cyclic group of prime order, then G = Greg U Gi, so condition (i) is 
satisfied. 

4.2. Classification of irreducible representations. The proof of Theorem 14.31 is based on 
a classification of the irreducible representations of G(G*’"). Let us record some C*-algebraic 
facts that we will use. 

When A is a C*-algebra, we denote the set of equivalence classes of its irreducible represen¬ 
tations by A. We need a very particular case of the Mackey-type analysis of crossed product 
C*-algebras A = G{X) x F [Wil07] . Namely, let X be a compact topological space, and F 
be a finite abelian group acting on X. Then the irreducible representations of G{X) x F are 
parametrized by the pairs ([x],^'), where [x] is a class in X/T and V' is a character on the 
stabilizer group St^, of x. The irreducible representation corresponding to such a pair is given 
as the induction of the representation eva, on G(Fx) (S' G*(Sta;) to G(Fx) x F composed with 
the restriction homomorphism G{X) x F —G(Fx) x F. In fact, all we need to know is that 
any irreducible representation of G{X) x F factors through G(Fx) x F for some x G X, which 
is just the first easy step in the Mackey-type analysis. 

Recall also that if M C R is an inclusion of C*-algebras, then any irreducible representation 
of A appears as a subrepresentation of some irreducible representation of B. 

Turning to G(G*’"), from the above discussion we conclude that any irreducible representation 
of G(G*’") factors through G(G*’") G(Fx) x F, where x G G and Fx = {ag(x)}ggr- Instead of 
the F-orbit of x it is convenient to consider the larger (F x r)-orbit. The point is that the image 
of G(G*’“) in G((F x f).x) x F coincides with the fixed point algebra (G((F x f).x) x F)^ with 
respect to the action of F dehned by (14.11) . It follows that every irreducible representation vr 
of G(G*’") factors through (G( 07 r) x F)^ for a uniquely defined (F x r)-orbit Ott in G. Under 
the assumption of Theorem 14.31 we just need to consider two types of orbits. 

First consider a (F x r)-orbit O in Greg- Then O can be (F x r)-equivariantly identihed 
with F X F. Therefore to understand the corresponding representations it suffices to observe 
the following. 

Lemma 4.5. Consider the action of T on G(F x F) by translations and the action of T on 
G(F X F) X F defined similarly to (14.11) as the combination of the action by translations on 
G(F X f) and the dual action on G*(F). Then (G(F x f) x F)^ ~ Mat|r|(C). 
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Proof. Indeed, the algebra C(rxf) xF is the direct sum of the blocks C'(rx{V’}) xF ~ Mat|r|(C) 
over ip while the action of F permutes these blocks. □ 

Therefore every (F x F)-orbit O in G^eg determines a unique up to equivalence irreducible 
representation of C{G^’^). Explicitly, for every x € G we have a representation of px of G{G) x F 
on defined by 

Px{f f {^gh{x)')^agf^(x)- 

If X G O, then Pa;|c(G‘-“) is the required representation corresponding to O, since it factors 
through (C'(O) x F)^ and has dimension |F|. 

Let us also note that since the kernel of the map G{G^’‘^) —> (G(0) x F)'" is a- and d-invariant, 
the class of the representation corresponding to O is a- and d-invariant. 

Next, consider an orbit O in Gi. Fix a point x € O. Then we have ag{x) = i{Bg)x 
for a uniquely defined Bg G F. We thus get a homomorphism B ^: F —> F. The bijective 
map O = i{T)x — F, i{'ip)x i— fj, intertwines the action of F x F on f(r)x with the action 
{g,ip)r] = Bgiprj. Therefore it suffices to understand the algebra (C'(r) x F)'". 

Lemma 4.6. Assume we are given a homomorphism B:T ^ F. Define an action fi of T 
on C'(r) by /3g{f){'ip) = f{B~^'ip), and consider the action tr x/3 0 /F on C'(r) x^ F defined 
similarly to ( 03 ]). If either A^F = or B is trivial, then the algebra (C'(r) x^ F)'" is abelian 
and the dual action fi defines a free transitive action of T on its spectrum. 

Proof. If we view elements of F as functions on F, then (C'(r) x^F)'" is spanned by the unitaries 
Ug = g\g. We have 

UgUfi - gfigiJfijXgh - h(^Bg')Ugfi. 

Therefore we see that (C(r) x F)'" is a twisted group C*-algebra of F. If A^F = 0 or H is 
trivial, then the corresponding 2-cocycle is a coboundary, and (C'(r) x^ F)'" ~ C*(F) via an 
isomorphism q that maps Ug into a scalar multiple of \g G C'*(F). As C'*(F) ~ C'(r) is abelian, 
we get the first statement in the formulation, and since the isomorphism q intertwines fi with 
the standard dual action on C*(F), we get the second statement as well. □ 

Thus, under the assumption of Theorem 14.31 every orbit O in Gi (which is just G^ for the 
case (ii)) gives us a set of |F| one-dimensional representations, on which F acts transitively. 
Note again that since the kernel of the map G{G^'°‘) —>■ (C'(O) x F)^ is a-invariant, the action 
of F leaves this set invariant. 

To summarize, we get the following classification. 

Proposition 4.7. Under the assumption of Theorem \4.3[ consider the action o/FxF on G{G^’°‘) 
defined by a and a, that is, {g,fi)[TT] = [vra^^d^^]. Then the set C{G^’°‘) consists of points of 
two types: 

(i) every (F x T)-orbit in G^eg defines a point in C{G^’°‘) that is represented by a |F|- 

dimensional representation and is stabilized byVx F; namely, the point is represented 
by Px|c(G*’“) ^ S Greg In the original orbit; 

(ii) every T-orbit in Gi defines a T-orbit in C{G^’°‘) consisting of |F| one-dimensional rep¬ 
resentations; this orbit is invariant under the action o/F. 

In particular, F[7r] C r[7r] for any [vr] G C{G^’°‘), and the set of T-orbits in C(G*’") is 
canonically identified with the set of (F x T)-orbits in G. 
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4.3. Classification of noncommutative quotients. We still need some preparation in order 
to apply our description of irreducible representations to the classification of quantum sub¬ 
groups. 


Lemma 4.8. Let G be a compact quantum group and let I be a Hopf *-ideal of 0{G). Then 

I = Pi Ker(/9), 

P&CJfi), p{I)=0 

where Cu{G) denotes the C*-envelope ofO{G). 


Proof. It suffices to show that 0{G)fI admits a faithful representation on a Hilbert space. But 
this is true, since 0{G)/I, being generated by matrix coefficients of finite dimensional unitary 
corepresentations, is the Hopf *-algebra of regular functions on a compact quantum group. □ 

For T G B{H), let T* be the transpose operator acting on H* ~ H. In terms of the latter 
space, we have = T*^. Then, whenever tt is a representation of G{G) F, we obtain 
another representation vr'^ defined by a: !->■ (x) = 7r(5(x))*. 

Lemma 4.9. For any x € Greg and & T, the representation |c(G*’“) *5 ® subrepresentation 

of {Px® Px)\c{G^^’^)- 

Proof. Since the counit of G(G) F coincides with p^, the lemma is true for = e ^ T. But 
since pi(^p-) = Pedtp, = [ap (g) r)A and px ~ Px^p by Proposition I4.7l ii. the lemma is then 
true for any if. □ 

Proof of Theorem \4.3\ Assume that J C 0(G*’") is a Hopf *-ideal with 0{G^’'^)/J noncommu¬ 
tative. We want to apply Proposition 14.21 and for this we have to show that J is a-invariant and 
contained in the kernel of the homomorphism p: 0{G) Xq, F —>■ OfP). We start by establishing 
the second property. 

First we note that on 0{G^'°^) the homomorphisms 0{G) x^F ^ G(r) given by f\g i—>• f{e)g 
and fXg I— fi coincide. Therefore on 0{G^'^) the homomorphism p can be identihed with 

By Lemma 14.81 there exists an irreducible representation vr of G(G*’") such that J C Ker(7r) 
and 7r(G(G*’“)) is noncommutative. Since J is a Hopf ideal, we have J C Ker(7r(g)7r^). As tt can¬ 
not be one-dimensional, by Proposition 14.71 the representation vr must be equivalent to /Ox|c(G‘-“) 
for some x € Greg- But then ft(,/,)) |g(g*’“) is a subrepresentation of TrigTr^ by Lemma ITUl 

hence J C Ker(p). It follows, in particular, that J is invariant under the coaction of P, that is, 
under the dual action d of F. 

In order to prove that J is a-invariant, by Lemma 14.81 it suffices to show that if vr is an 
irreducible representation of G(G*’“) with J C Ker(7r), then J C Ker(7ra“^). But this is clear, 
since we already proved that J is F-invariant, and r[7r] C r[7r] by Proposition 14.71 

Therefore by Proposition 14.21 the Hopf *-ideal J is defined by a unique closed a-invariant 
subgroup 77 of G containing f(r), so that 0{G^'°‘)/,J = 0(77*’"). By the above argument 
Px\o(G^’°‘) factors through 0(77*’"). This is possible only when x G 77. □ 

Example 4.10. As a first illustration of Theorem 14.31 let us give the description of the non- 
classical quantum subgroups of SU_i(2), due to Bodies |Pod95| . Recall first from |NY15j and 
Example l3. 31 above that SU_i(2) can be obtained from SU(2) by our general twisting procedure, 
via the Z 2 -action 

fa b\ fa -b\ 

yc dj (^—c d J 

Therefore the non-classical quantum subgroups of SU_i(2) correspond to the closed subgroups 
of SU(2) containing {± 72 }, stable under the previous Z 2 -action and containing an element 

(^c d) with abed ^ 0. 
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Example 4.11. Let € T be a root of unity of order N >2, and consider the compact quantum 
group Ug(2), which is the compact form of GL^ ,c-i (2) [Tak97] . Thus, 0(GL^ ,c-i(2)) = 0(U|(2)) 
is generated as a *-algebra by the elements subject to the relations 

Ui2Uil = iUiiUi2, U2kUlk = i~^UikU2k, U2lUl2 = ?~^Wl2W21, [u22,Uii] = 0, 

and that the matrix u = {uij)1 € M2(0(U^(2)) is unitary. It is well-known |Tak97] that 
GL^^^-i(2) is a cocycle twisting of GL(2). One can also check that this cocycle arises from our 
recipe in Section [3l To be specific, let g he a. generator of Z^r, and consider the Z^v-action 
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(a i-^h\ 

V^c d )■ 


The Pontryagin dual of Z^v embeds into the center of U(2) in such a way that the defining 
representation u of U(2) has degree g. Then it follows from the dehnition that the resulting 
twisting of U(2) is Ug(2). At = 2, i.e., ^ = —1, the description of the non-classical quantum 
subgroups of U_i(2) is similar to the one given for SU_i(2) in the previous example. 

The subset U(2)^^ consists of the subgroup of diagonal matrices. If we further assume that 
N is odd, we have a decomposition U(2) = U(2)reg U U(2)^^. Thus, in this case Theorem 14.31 
implies that the non-classical quantum subgroups of Ug(2) correspond to the closed subgroups 
of U (2) stable under the operations 


y^k+ic J 


k,l e z 


and containing a nondiagonal element. 


Remark 4.12. Note that although U^(2) is a cocycle twisting of U(2) in the usual sense, the 
techniques of |BY14j do not work well for this example, because C'(U^(2)) does not have any 
irreducible representation of dimension (the order of the twisting subgroup Z^v x Z^r), 
which would be required to apply Theorem 3.6 in |BY 14j . and here our present graded twisting 
procedure is better adapted to the study of quantum subgroups. In yet another direction, note 
as well that [GarlO] (where a different convention for parameter a is used than in [Tak97| l also 
studies quantum subgroups of GLQ^,g(n) under certain restrictions on but the framework 

there is strictly that of non semisimple (and hence non compact) quantum groups, and these 
results do not apply to Ug(2). 

Example 4.13. Let r = (ri,... ,Tn-i) € and consider the quantum group SU’^(n) defined 
in |NY15] . corresponding to the graded twisting of SU(n) associated to the cocentral Z„-action 
given by the embedding of Z„ into the center of SU(n) and by a{uij) = where 

7i = ni<.<. Tr- It follows from Theorem 14.31 that if n > 3 is prime, the non-classical quantum 
subgroups of SU’^(n) correspond to the closed subgroups of SU(n) stable under the operations 

i9ij) ^y9ij)^ k,l GZ 

where ^ is a root of unity of order n, and containing an element g = (gij) with ^ 1 for 

some indices i,j. 
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